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COJIEPYKAHUE

[Iporynku Ha OKpyKHOCTU
Pazbuenus 1aTuHCKUX KBaIpaTOB
Kpoxkyc

ITumma

[Tepkonsrun

HeobObrambie mepecTaHoOBKH
Bataga 0 cocenax

[IepecTaHOBKM U BEPOATHOCTH
English version of some problems
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1. IIPOT'VJIKU HA OKPYKHOCTU

PaceMOTpUM €IMHIYHYIO OKPY»KHOCTB S u obosHaunm uepes d(z,y) JJMHYy HauMeHbIIEH
nyru, coepungneit Toukn x,y € S'. JlokaxkuTe, 9TO JIJIA JIOOBIX 21 TOYEK Ha OKPYZKHOCTH
T1yeeoy Ty XYL, ..., Yy cyliecTByeT uHJIEKC 1 < ¢ < n Takol, 9TO

> d(wiae) <Y d(wi ).
k=1 h=1

Uccnenyitre 3amaqy mas apyrux ynxmmii d : ST x ST — R,

2. PABBUEHUSA JIATUHCKUX KBAJ/IPATOB

Jlamuncrum xeadpamom nopsadka n HA3BIBAETCA TAOJIUIA N X N, B KJIETKH KOTOPOIi 3aIIiCaHO
N Pa3JINIHBIX CUMBOJIOB TAKKM 00pPa30M, 9TO KarK/IbIil CHMBOJI BCTPEYAeTCsl POBHO OJUH pa3 B
JII000# cTpoKe u JitoboM ctosidne. Jlamunckum cemxoti pazmepa k TaHHONW TaOJIAIBI HA30BEM
MHOXKECTBO U3 k CTPOK 1 k cTOJOIOB (He 0653aTe/IbHO CMEKHBIX) TaKHX, UTO k? KJIETOK Ha
uX 1epecedeHnn (pOpMUPYIOT JATUHCKUAN KBaJIpar.

a) [lokaxkure, 9T0 JIATHHCKAs CETKA JIATMHCKOIO KBaJIpaTa IOpsJIKa 1 JIMOO COBIAJIAET
C KBaJIpaToM, Jiubo MMeeT pa3Mep, He MPEBOCXOIAIIN 1/2.

b) CymiecTByer i TaTHHCKHUIT KBaJIpaT, KOTOPBI pa3dnBaeTcs Ha JIATHHCKHAE CETKU Pa3-
JIMIHBIX Pa3MepOoB (T. €. MPEJCTABUM B BHJIE OObeINHEHNsI JJATHHCKIX CETOK Pa3/Iii-
HBIX Pa3MEPOB TaK, YTO KarKJiasi CTPOKA M KayKJIbIil cTOJIOeI] KBaIpaTa BXOIUT POBHO
B OJIHY CeTKY)?
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3. KrPokyc

Paccmorpum muoxectBo Z, = {0,1,...,p — 1} OCTATKOB IO MOJYJIIO IIPOCTOrO THCJA P.
[Tomvmoxkectso A C 7Z, nazoBeM kpokycom, eciu x +y ¢ A g mobbix x,y € A.

a) Jlokazkure, 94To ecu s MOIHOCTH N = |A| BBIIOMHSETCS HepaseHCTBO 1 > 0.33p,
TO cymiecTByeT mesoe ducio k takoe, uro A C{k-z |z €Z,, n<z<p—n}.

b) IonbiTaiiTech ymMeHbIUTH KOHCTAHTY (0.33.

¢) Ha kakoe MUHUMAJIbLHOE YUCJI0 MOXKHO 3aMeHUTh KOHCTaHTy (.33, 4T00BI yTBEpK IeHIe
IYHKTA &) OCTAJI0Ch BEPHbBIM?

4. TTnoa

Aunca n Bob Kynuman muiry okpyrioii ¢popMbl. Bob paspesast nuiy Ha HECKOJIBLKO He 00si-
3aTeJIbHO PaBHBIX YacTeil, ¢ BepIInHON B cepemmHe muiiibl. 3arem Ajmnca n Bob cranm 1o
OYepe/I eCTh MUIIILY TakK, 9TOObI BCSIKUiT pa3 3abupaemMasi 4acTh MUIILL (KPOMe TIepBOii) rpa-
HAYMIa € y2Ke cbeferHoit. Jlokaxkure, aro ecim Ajmca HaYMHAeT Tparesy, TO el yIacTcs
CheCTh MUHUMYM 4 /9 UL

5. IIEPKOJIALIINA

PaccMoTpiM permeTKy Z2 TodeK Ha IJIOCKOCTH C TEeIBIMI KOOpAUHATaMI. PaccTosHme Mex Ly
aByMst Toukamu A = (21,y1) u B = (9, y2) pelerku onpejesisiercs cieyroreii hopmyioii

d(A, B) = |z1 — 22| + |y1 — vol.

B Toukax Ay u By pereTku cToaT ABa podoTa, KOTOPBIE 110 0UYePeIn [IOMEYAI0T IeJIble TOUKH
KpacHBIM U CHHUM I[BeTaMU cOOTBeTCTBeHHO. Ha HyeBoM sTame poOoThl IOMedaloT TOUKY, Ha
KOTOPbBIX CTOAT. Ha KazKJI0OM CJIEIYIOMIEM dTalle CHa4daJia HepBbeI p06OT ImoMevdacT KpaCHBIM
IIBETOM ellle He 3aKpallleHHble TOYKN Ha PACCTOSHUN 1 OT BCeX KPACHBIX TOYEK, & 3aTeM BTOPOI
pobOT IToMedaeT CHHUM IIBETOM eIlle He 3aKpallleHHble TOUKNM Ha PacCTOSHUM He Oojiee 2 OT
BceX CMHHUX To4YeK. I[oHATHO, 9TO Ha HEKOTOPOM 3Talle IMepBhIil PoOOT epecTaHeT OOJIbIle He
CMOZKET ToMedaTh TOYKHM KpacHbIM mBeToM. Obo3HadnM depe3 /N HOMep dTara, Ha KOTOPOM
IEPBBIIl POOOT B TOC/IEIHII pa3 3aKpacuT TOUKY.

a) Haityiure dbopmysy uncsia N B 3aBUCUMOCTH OT KOOPJAUHAT ToueK Ag u By.
b) CkoJibKO BepIuH Oy/IEeT y BBILYKJIONH 000JI0UKH KPACHBIX TOYEK Tocje srana N7

6. HEOBBIYHBIE I[IEPECTAHOBKMU
[Iycts k m n jaBa HATypaJIbHBIX YHCJIA, YJIOBJIETBOPSIONIMX HepaBeHCTBaM n/2 < k < n.
[IepecranoBky ag, ai, ..., a, ducena 0,1,...,n Ha30BeM HeobvHOT, eCIn B HADOpe

la1 — aol, |ag — a1], ..., |an — an_1]

UMeeTCsl KaxK10e 9ucio or 1 10 2k — n B OJHOM 3K3eMILIsIpe U KaxK10e 9uco ot 2k —n + 1
o k B aByX sk3eMiutgpax. IIpama jim, 9To jurd joboro n > 1 cymecTByeT HEOObITHAs
[epecTaHoOBKa !
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7. BAJIAYA O COCEOAX

Jluamempom MHOTOYyTOJBHUKA (HEOOSI3aTEIbHO BBIIYKJIONO) HA3BIBACTC HAMOOJIBINEE PAc-
CTOSTHUE MEYK/Iy JIByMs €rO TOYKaMU.

a) Ksajgpar co croponoit 1 pa3éur Ha HECKOJBKO BBIMYKJIBIX MHOIOYTOJBHUKOB. [Ipei-

IIOJIOZKHM, 9TO JUaMeTpP KazK/JI0I'0 MHOI'OYI'OJIbHUKa HE€ IIPEBOCXOAUT L ,HOK&)KI/ITG,

30
9TO Haﬁ,ZLeTCH MHOTI'OYT'OJIbHUK P7 Y KOTOPOTI'O MMeEeTCdA HE MEHee IEeCTU 006606127 TO

€CTb MHOI'OYTI'OJIbHHUKOB, KaCalOINUXCsI P 1o KpaﬁHeﬁ Mepe B O,ZLHOfI TOYKE.

b) Bamaua myHkTa a) Jjisg OOIIEro caydasi, KOTJa MHOTOYTOJIbHUKN pa3bueHust Heobs3a-
TEJIbHO BBIITYKJIbI.

C) SaMeHI/IM B yCJIOBUM ITyHKTa a) KOHCTaHTY % Ha IIOJIOZKUTEJIbHOE ﬂeﬁCTBI/ITeﬂbHOe
qucsto € > 0. Haiimre Hambosibinee HaTypaabaoe quciao N (€) Takoe, 9TO IpH JIFOOOM
pa3buenne KBajipaTa CO CTOPOHOI 1 Ha BBIMYKJble MHOIOYTOJILHUKHU JIHaMeTpa < €,
XOTs1 OBI Y OJJHOTO M3 MHOTOYTOJLHUKOB OyzeT He Menee N (€) cocezeil.

d) Bamavya mynkTa ¢) s caydast, KOTJa MHOTOYTOJBHUKH Da30HeHus] HeOOI3aTeIhHO
BBIITYKJIBI.

8. IIEPECTAHOBKU U BEPOATHOCTH

[Tycts n — HAaTYpaabHoe uncio. Obo3uadum depes S, u A, cOOTBETCTBEHHO CUMMETPUIECKYIO
1 3HaKOTIEPEMEHHYIO IPYIIIBI IEPECTAHOBOK umces 1,2, ..., n.

a) O6o3HAYUM UYepe3 p, BEPOSITHOCTHL TOTO, YTO CJydaiiHo BeiOpaHHast napa (s,t) mepe-
CTAHOBOK M3 S,, mopoxiaaer S, mwm A,. lokaxkure, 910 p, crpemMurcsa K 1, Korga n
CTPEMUTCSI K OECKOHETHOCTH.

b) O6osnaunm depes p,(2) BEPOSITHOCTHL TOrO, YTO CJIydaiiHO BeIOpaHHas Tapa (S,t) me-
PECTAHOBOK M3 S, TaKast 9T0 KOMMyTaTop [s,t] = sts™ 't~ apnsierca 3-uuksom, mo-
poxkaaer S, wmu A,. Bepuo jm, uro p,(2) crpemurcss K 1, KOrja n cTpeMuTces K
OECKOHEIHOCTH !



4 DAVID ZMIAIKOU

9. ENGLISH VERSION OF SOME PROBLEMS

14. A problem on neighbors. The diameter of a polygon (not necessarily convex) is the
greatest distance between any two of its points.
a) A unit square is divided into convex polygons. Suppose that the diameter of each of
these polygons does not exceed 3—10. Prove that there is a polygon P with six or more
neighbors, that is, polygons touching P in at least one point.

b) The same problem in the general case that the polygons are not necessarily convex.

c) Replace in a) the constant % by a positive real number ¢ > 0. Find the greatest
positive integer N(€) such that, for any partition of the unit square into convex
polygons of diameter < ¢, at least one of these polygons would have N(€) or more
neighbors.

d) The problem c) in the case that the polygons are not necessarily convex.

15. Permutations and probability. For a positive integer n, denote by S, and A,
respectively the symmetric and the alternating groups of permutations of the numbers
1,2,...,n.
a) Let p, be the probability that a random pair (s,?) of permutations from S,, generate
either S,, or A,,. Show that p, tends to 1 as n tends to infinity.

b) Let p,(2) be the probability that a random pair (s,t) of permutations from S,,, such
that the commutator [s,t] = sts't~! is a 3-cycle, generate S,, or A,,. Is it true that
Pn(2) tends to 1 as n tends to infinity?
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